This paper overviews nonlinear dynamics of switching power converters which are common objects in dynamical system theory and power electronics. First, complex dynamics of single switching power converters is discussed. Their nonlinear switching can cause rich chaotic and bifurcation phenomena including complicated superstable periodic behavior in discontinuous conduction mode. Second, paralleled converters with winner-take-all switching is discussed. This system can realize multiphase synchronization relating to current sharing with smaller ripple for low-voltage high-current capabilities. Analysis of the dynamics is performed through simple models having piecewise constant vector field and piecewise linear trajectories. Third, simple hardware implementation method is shown and typical phenomena are confirmed experimentally. Finally some future problems are discussed.
Introduction
This paper provides an approach to fuse nonlinear dynamical system theory and power electronics. The power electronics is a key technology with three main aims: (1) conversion of electrical energy from one form to another using simple control; (2) achievement of high conversion efficiency; (3) minimization of the mass of power converters. There exist a variety of power converters and they can be classified into four basic types: dc-dc, dc-ac, ac-dc and ac-ac power converters. The power converters are usually controlled by some nonlinear switching and the nonlinear dynamics has been studied extensively from both fundamental and practical viewpoints [Hamill, 1995; Tse & Bernardo, 2002] . This paper studies such dc-dc converters as common objects in dynamical system theory and power electronics [Vithayathil, 1995; Ott, 1993; Guckenheimer & Holmes, 1983] . Motivations of the study are many, including the following three points.
First, the power converters are usually controlled by nonlinear switching and are in a class of switched dynamical systems [Sharkovsky & Chua, 1993; Saito et al., 2000] . The switching method is designed to achieve desired operation behavior whereas it causes a variety of nonlinear phenomena depending on parameters. Analysis of the phenomena can be a trigger to develop theory of bifurcation and chaos. In fact border collision bifurcation theory has been developed through dc-dc converters as typical and practical examples [Tse, 1994; Yuan et al., 1998b; Parui & Banerjee, 2003] .
Second, nonlinear phenomena may be useful in order to improve system performance. Chaotic behavior may be effective to improve EMI in the boost converters [Deane & Hamill, 1996; Deane et al., 1999] . Multiphase synchronization phenomenon is desired in parallel dc-dc converters. It is a key to realize current sharing with smaller ripple for low-voltage high-current capabilities in future microprocessors [Chang & Knight, 1995; Perreault & Kassakian, 1995; Zhou et al., 2000] . These are positive examples. On the other hand, several negative examples exist for nonlinear phenomena such that chaotic dynamics should be suppressed for security of spacecraft power systems [Lim & Hamill, 1999] .
Third, analysis of stability provides basic information to realize robust and reliable system operation [Fossas & Olivar, 1996; Panov & Jovanovic, 2002; Mazumder et al., 2002] . Especially, a criterion for global stability is important. In order to analyze stability and bifurcation phenomena of the power converters, adequate simplifying models are imperative. There exist several simplified models: averaging models, small signal models, piecewise linear (ab. PWL) models and discrete-time models by observing the system state at every switching instant (so-called stroboscopic map) [Hamill et al., 1992; Banerjee & Chakrabarty, 1998a; Banerjee & Verghese, 2001; Tse & Bernardo, 2002] .
In this paper, we use very simple models having piecewise constant (ab. PWC) vector field. The PWC models have PWL trajectories and can be justified in the case where the switching clock is much faster than time constant of the load. The embedded stroboscopic map is PWL and their explicit formulation is possible in principle. Such PWC models are well suited for precise analysis and are applied not only for power converters but also for a variety of nonlinear circuits [Hamill & Jeffries, 1988; Tsubone & Saito, 1999; Torikai et al., 1999; Saito et al., 2002] .
In Sec. 2, we introduce a PWC model that is available for three basic dc-dc converters: buck, boost and buck-boost converters [Kabe et al., 2004] . The embedded stroboscopic map is one-dimensional (ab. 1D) and PWL. There exist a variety of theoretical results for the 1D PWL maps [Lasota & Mackey, 1994; Ott, 1997; Ito et al., 1979a; Ito et al., 1979b; Saito, 1985] and they are available for our stroboscopic map.
In Sec. 3, we introduce a PWC model of parallel dc-dc converters whose switching is based on the winner-take-all (ab. WTA) function: a multiinput nonlinear function . In some parameter range the WTA switching can realize multiphase synchronization automatically that is suitable for current sharing with smaller ripple.
In Sec. 4, we introduce simple hardware of PWC models of single and parallel power converters. Using basic discrete elements the circuits can be fabricated easily and typical behavior can be confirmed experimentally.
In Sec. 5, we conclude the discussion and propose some future problems.
Single dc-dc Converters and Bifurcation

Overview
Three basic dc-dc converters are depicted in Fig. 1 : an inductor is switched between the input and the output through an switching element S with several strategies. In the steady state, the buck and boost converters can provide lower and higher voltages than the input, respectively. The buck-boost converter can provide either voltage. In order to deliver a regulated output voltage several control strategies have been considered. The control methods are classified into either voltage-mode control (VMC) or current-mode control (CMC). In the VMC, error between the output voltage and a reference signal is measured for generation of a control signal. Pulse-width modulation (ab. PWM) is used as a typical error feedback control. In the CMC, an inner current loop is used to control the inductor current to follow some reference signal
with faster response. The reference signal is provided by the output voltage feedback loop. Almost all control methods use nonlinear switching. The dc-dc converters are interesting not only as practical systems but also as switched dynamical systems having rich dynamics: chaos, sub-harmonics and bifurcation phenomena. The nonlinear phenomena have been studied extensively and a number of interesting results have been published [Tse, 1994; Yuan et al., 1998b; Parui & Banerjee, 2003] . In order to elucidate the dynamics, several modeling have been used as discussed in Sec. 1. Analysis of nonlinear phenomena can provide important information for design and/or improvement of dc-dc converters.
Here we introduce our works on a PWC model of three basic dc-dc converters [Kabe et al., 2004] . The PWC model is derived by replacing the output load with a DC source provided that the switching clock is much faster than time constant of the load. The model has PWC vector field and PWL trajectory. The PWC model is transformed into a dimensionless equation where the original parameters are integrated into two essential parameters.
We then derive the PWL 1D stroboscopic map. Dynamics of the 1D PWL maps have been studied deeply and it is possible to give some theoretical evidence for chaos [Lasota & Mackey, 1994; Ott, 1997] . Moreover precise calculation of bifurcation sets is possible in principle [Ito et al., 1979a; Ito et al., 1979b; Saito, 1985] . Using the 1D map we can clarify the parameter conditions for generation of chaotic and periodic phenomena in continuous conduction mode (ab. CCM). In the discontinuous conduction mode (ab. DCM), the stroboscopic map has zero-slope that can cause rich superstable periodic orbits (ab. SSPO). Basic numerical experiments suggest that the SSPOs appear with complex bifurcation and are very sensitive for parameters in some parameter subspaces. at t = nT even if i reaches zero at t = nT . If the operation of the system includes State 3, it is said to operate in DCM, else it is said to be in CCM.
Piecewise constant model
In order to simplify the analysis, we assume that the time constant RC is much greater than T and replace the load with a constant voltage source V 2 lower than V 1 . In this case the circuit dynamics can be described by Eq. (2).
for State 3 SW:
where all the circuit elements are assumed to be ideal and the following dimensionless parameters and variables are used.
This is the PWC model having PWC vector field and PWL trajectories. In a likewise manner we can derive the PWC models of boost and buckboost converters as shown in Figs. 2(d) and 2(e), respectively. These models have the same switching rules as those of the buck converter, and can be described by Eq. (2) 
Piecewise linear stroboscopic map
In order to analyze rich phenomena systematically we introduce the stroboscopic map presented in [Kabe et al., 2004] . We assume State 1 at τ = n.
For n < τ ≤ n + 1 there can be three types of trajectories as shown in Fig. 4 (a). Type 1: x increases without reaching the threshold x = 1, Type 2: x reaches x = 1 and decreases; but does not reach x = 0, Type 3: x reaches x = 1, decreases and reaches x = 0.
Let x n ≡ x(n) denote the state x at τ = n and let I ≡ [0, 1]. Since x n+1 is determined by x n via either of the above three types and x n+1 ∈ I is satisfied for x n ∈ I, we can define 1D stroboscopic map f from I to itself. If all the three types exist then the stroboscopic map is described by the following three-segment PWL function:
There are some useful definitions for dynamics of the 1D stroboscopic maps (e.g. [Ott, 1993; Lasota & Mackey, 1994] ) and we pick up basic ones in order to explore the periodic and chaotic behavior of our system. Definition 2.1. For a map F from I to itself, a point x f is said to be a fixed point (or 1-periodic point) if x f = F (x f ). A point x p is said to be a periodic point with period
}, is said to be a periodic orbit. The periodic orbit is said to be unstable, stable and x f as shown in Fig. 5(a) . At b = a (p = 1) the fixed point loses its stability. In terms of the original system parameters, it says that the buck converter loses stability when V 2 /(V 1 − V 2 ) = 1. For a < b < 1, the map is two-segment piecewise linear and the slope is unity on I 1 and is expanding on I 2 . Since an orbit started from x 0 ∈ I 1 must hit I 2 the orbit is to be expanding and the map exhibits chaos as shown in Fig. 5(b) . For 1 < b, all the three types are possible and the slope is zero on I 2 . In this case, almost all orbits started from I 2 must return to I 2 and the map exhibits rich SSPOs. Figure 5 (c) shows a map at an accumulation point of rich SSPOs where the orbit from I 3 (zero-slope) hits the unstable fixed point. Figure 5 (g) shows bifurcation for b where all the orbits are SSPOs for b > 1. These SSPOs are superstable for initial state. However, it should be noted that there exit rich complex SSPOs that are very sensitive for parameters in some parameter subspaces: such SSPOs correspond to complex unstable operation in noisy hardware experiments. Complicated bifurcation phenomena of SSPOs are discussed in several systems including flat-top tent maps with relation to fast control to desired periodic orbits [Doi, 1993; Wanger & Stoop, 2002] . 
Parallel dc-dc Converters and Synchronization
Overview
Figure 6 depicts a parallel connection of converters: N pieces of buck converters are interleaved between a dc input V 1 and a load. Motivations of study of such parallel systems include the following three points. First, the converters share the output current [Zhou et al., 2000; Panov & Jovanovic, 2001; Ayyanar et al., 2004; Cheng et al., 2005] . The sharing is suitable for lower voltages with higher current capabilities in the next generation of microprocessors. The sharing is also effective to improve reliability and fault tolerance. Second, ripple reduction of the output current is possible [Giral et al., 1999; Giral et al., 2000] . It is convenient to reduce size and losses of the filtering stages; and can also decrease switching and conduction losses and EMI levels. In order to realize ripple reduction with current sharing some effective phase control techniques have been studied: sliding mode control [Giral et al., 2000] , digital logic control [Giral et al., 1999] , wireless PWM control [Mazumder et al., 2005] and so on. Third, the parallel converters are interesting switched dynamical systems which have rich synchronization phenomena and related bifurcation [Iu & Tse, 2001; Saito et al., 2005] . However, theoretical analysis of the synchronous phenomena is not easy because of complex nonlinearity. This section introduces our original parallel buck converters using a switching rule based on the WTA principle Abu-Qahouq et al., 2004] . It should be noted that the WTA is a nonlinear function of multivariables that is applied to various systems including self-organizing neural networks and multiplex communications [Kohonen, 1982; Torikai et al., 1999] . In our parallel converters the WTA switching can cause multiphase synchronization automatically. As mentioned in Sec. 1 the multiphase synchronization is a key to realize current sharing with smaller ripple. The PWC modeling is available also for this parallel system and we can give parameter conditions for the existence and stability of the multiphase synchronization.
Parallel buck converters by
winner-take-all switching Figure 7 shows the parallel N buck converters. Each converter has a current-controlled switch S j and a is the minimum at t = nT among all the currents then the jth converter is changed into State 1 at t = nT and is connected to the input. We regard the converter with the minimum sampling current as a winner at time nT and refer to this switching rule as to be WTA-based. Note that co-winners can exist only if they are in State 3 at time nT . N -converters are coupled through this WTA-based switching.
In order to derive the PWC model we assume that the time constant RC is much greater than the sampling period T . We then replace the load with a constant voltage source V 2 and obtain the PWC model: 
where the following dimensionless parameters and variables are used.
It should be noted that this equation has N + 1 independent parameters: {a 1 , . . . , a N } and
we measure the ripple by the ripple factor: Figure 8 shows typical waveforms of the parallel converters: the WTA-switching can distribute phases automatically and can realize multiphase synchronization. In DCM the synchronization can be achieved if the orbit falls into State 3 once: transient to the synchronization in DCM is much faster than that of CCM. However, ripple in CCM is usually much smaller than that in DCM as suggested in an ideal case of zero ripple [ Fig. 8(a) ].
Multiphase synchronization
In order to consider synchronous phenomena we need some definitions. A solution (x p1 , . . . , x pN ) is said to be an N -phase synchronization (ab. N-SYN) if Eq. (8) is satisfied.
where p(j) ∈ {1, . . . , N} is a switching instant at which x pj is the unique winner and p(j) = p(k) for j = k. In the jth converter, (S j , D j ) is changed from State 2 (or State 3) to State 1 at time t = p(j)T and repeats it with period NT . For example, 3-SYN in Fig. 8 
(a) is characterized by (p(1), p(2), p(3)) = (1, 2, 3).
Definition 3.2. An N-SYN is said to be stable if a solution converges to N-SYN for a small initial perturbation j (0):
An N-SYN is said to be superstable if the N-SYN is achieved by some finite time τ f :
Figure 9(a) illustrates an orbit of jth converter in CCM: it starts from the threshold x j = 1 at time τ 0 , decreases until it becomes winner at time τ a , and increases until it hits the threshold x j = 1 at time τ 1 where τ 1 − τ 0 = N . Let x j (n) be a sampled value at time n ∈ (τ 0 , τ 1 ), A j be the minimum value of x j (n) for n and let B j be the second minimum value of x j (n) for n:
If 0 < A j < 1 and A j < B k (k = j) are satisfied for any j then each converter can be winner once for τ 0 ≤ τ < τ 1 : an N-SYN exists. Also, each waveform of this N-SYN corresponds to the fixed point of stroboscopic map of single converter. Hence we can say that there exists a stable N-SYN in CCM if the following condition is satisfied.
If all the converters are identical, (a j , b j ) = (a, b), this condition is simplified into
Figure 9(b) illustrates an orbit of jth converter in DCM: it starts from the threshold x j = 1 at time τ 0 , decreases until it reaches zero at time τ b , changes to State 1 at time τ a and increases until it hits the threshold at time τ 1 . τ a and τ b are given by The jth converter is the unique winner for τ 0 ≤ τ < τ 1 and the system exhibits N-SYN if the following is satisfied for any j.
Eliminating τ 0 , τ 1 , τ a and τ b , we have parameter condition for superstable N-SYN in DCM:
The simplified conditions (13) and (17) are illustrated in Fig. 10 . It should be noted in the CCM that stability of the N-SYN is not guaranteed if b > a. In this case the system has a variety of synchronous/asynchronous phenomena including hyperchaotic behavior as suggested in Sec. 4. More detailed discussion on the complex behavior can be found in . On the other hand, the N-SYN is always superstable in DCM because switching to the State 3 (where x j = 0) can cause superstability corresponding to zero-slope of the stroboscopic map of single converters.
Hardware Experiments
From viewpoints of circuit engineering, hardware experiments are important even if some theoretical and/or numerical results have been obtained. We have fabricated simple test circuits of PWC models of single and parallel dc-dc converters. We enumerate major significance of the hardware experiments.
(i) Observed phenomena in the hardware is stable in practical sense for both initial value and parameters, (ii) Although the PWC models are idealized systems from practical viewpoints, experimental results of them may provide important information to ensure practical circuits design.
(iii) The PWC models are simple switched dynamical systems that can cause rich nonlinear phenomena. Analysis of them may be a trigger to discover novel phenomena and/or to develop novel bifurcation theory. Historically, we know several facts that important phenomena are observed in hardware experiments first and then have developed into some interesting contents in the literature [Saito, 1985; Tse & Bernardo, 2002; Banerjee & Verghese, 2001 ]. Figure 11 shows a test circuit of the PWC model of a buck converter. The inductor current is transformed into a voltage via a current-voltage converter (ab. IVC) based on the virtual short circuit of an opamp. The voltage is applied to a comparator. The output of the comparator and periodic clock signal with period T are applied to reset and set terminals of a flip-flop, respectively. The outputs of the flipflops control switch S. Using this circuit we have observed various periodic/chaotic phenomena and some of them are shown in Fig. 12 . A basic periodic orbit in CCM has been confirmed [ Fig. 12(a) ]. As parameters vary it can be changed into chaos [ Fig. 12(b) ]. As mentioned in Sec. 1 chaotic behavior may be undesired and should be removed from practical viewpoints. However there exist some challenging application of chaos to remove EMI [Deane & Hamill, 1996] . In the DCM the PWC circuit can exhibit some SSPOs [Figs. 12(c) and 12(d) ]. However, complicated SSPOs in Fig. 5 are usually hard to be observed in laboratory experiments because they are too sensitive for parameters. Fig. 11 . Test circuit of PWM model of the single buck con- Using this circuit we have confirmed various synchronous/asynchronous phenomena where a i = a and b i = b are assumed for simplicity. Figure 14 (a) shows 3-SYN in CCM where almost complete ripple reduction is achieved. In the CCM the circuit can exhibit chaotic behavior for a > b [ Fig. 14(b) ]. In the DCM the N-SYN is superstable and the transient is very fast, however, the ripple reduction is hard. It should be noted that chaotic behavior in CCM can be changed superstable 3-SYN in DCM by adjusting T . Because varying T means varying a and b along some line a/b = constant: any orbit can be changed into superstable 3-SYN in DCM by adjusting T .
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Parallel dc-dc converters
Conclusions and Future Problems
PWC models of single/parallel switching dc-dc converters have been introduced and their nonlinear dynamics have been discussed. In the single converters, the dynamics of the PWC model can be integrated into a PWL 1D stroboscopic map. In the CCM, the system exhibits periodic and chaotic behavior. In the DCM, the map has zero-slope and has complicated bifurcation phenomena of complicated SSPOs. The SSPOs are superstable for initial value while being very sensitive for parameters in some parameter subspaces. Simple test circuit are introduced and typical phenomena can be confirmed experimentally. However, complicated SSPOs are hard to be confirmed experimentally if they are sensitive for parameters. In the parallel converters, the WTA-switching can realize N-SYN automatically. The PWC model enables us to give parameter conditions for existence and stability of the N-SYN. Based on theoretical and experimental results it is suggested that current sharing with small ripple is possible for stable N-SYN in CCM. The circuit can exhibit stable N-SYN in DCM. Although the transient to N-SYN is very fast in the DCM, the ripple reduction property is less evident than in CCM. These results provide useful information for both practical and fundamental studies. We think there are many future problems, and include the following three problems.
(1) Detailed analysis of bifurcation phenomena. Figure 5 suggests that the single converters have extremely rich SSPOs. We should attempt to understand the underlying scenario. Fortunately we can trace all the SSPOs from the initial value on the zero-slope hence computer-aided analysis is useful. The parallel system is very rich in bifurcation. In the CCM, bifurcation between N-SYN and hyperchaotic behavior is interesting. Especially, the existence condition of hyperchaos in CCM is fundamental. In the DCM, classification of rich superstable synchronization and their complicated bifurcation patterns are interesting.
(2) Efficient hardware implementation. It is important to compare analog switching schemes with digital ones. The WTA-based switching can be realized by both analog and digital circuits. Also, there exist a variety of analog-and digital-based switching circuits for current sharing. These circuits are compared to each other by evaluating important factors: transients on the phase-shift of the modules, the sensitivity of the system to parameter variations, fault tolerance, conversion efficiency, and so on. Investigation of wireless PWM [Mazumder et al., 2005] is also interesting.
(3) Development of novel parallel converters with multiple inputs [Solero et al., 2005; Matsuo et al., 2004] . For example, energy input from a solar panel requires adaptive conversion from time-variant multiinputs to a load. In such a situation, selforganizing switching based on the WTA may be convenient. If an efficient system can be designed then it is a great contribution to clean energy technology.
